The problem of interaction of the flexural gravity waves with the bottom mounted circular cylinder is discussed. Both the linear and second order problems are considered and they are solved by using the eigenfunction expansion principles together with the Boundary Integral Equation technique. The linear solution, which was proposed in the litterature by different authors in the past, is explicitely recovered. For the second order problem, a new original solution strategy is proposed and it was shown that, in the case of water waves, a well known semi-analytical solution is also recovered, proving the generality of the proposed approach.
Introduction
Interaction of gravity waves with different obstacles received much attention in the past both in the context of water waves [1, 2, 3] as well as in the context of flexural gravity waves [4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14] . Both the linear [1, 6, 7, 8, 11, 13] and higher order interactions [2, 3, 15, 16] were of concern. The problem of flexural gravity waves is relevant in the context of the ice structure interactions (both for the floating bodies as well as for the cracks which might occur in the ice sheets) and in the context of the elastic floating structures such as floating airports or the elastic plates lying at the water surface. Unlike the problem of water waves where the semi-analytical solution for the vertical circular cylinder, is well mastered and agreed within the community, the solution for the problem of flexural gravity waves is proposed in different forms by the different authors. In the present work an alternative solution is proposed for both the linear and the higher order problems. The potential flow assumptions are adopted and the problem is formulated in frequency domain. The solution methodology relies on the use of the eigenfunction expansion principles either directly or through the definition of the relevant Green's function and the use of the Boundary Integral Equation (BIE) technique. For the case of linear wave scattering, a very similar work was reported in [13] for Cartesian geometry and in [6] for circular geometry. The higher order solution is new and was developed based on the same principles as in [3] .
Mathematical model
The basic configuration together with the different boundary conditions for the generic velocity potential φ induced by the cylinder, is shown in Figure 1 .
Fig. 1 Basic configuration and definitions
The corresponding boundary value problem (BVP) has the following form:
where the operator κ is given by the following expression:
with M and D being the distributed mass and stiffness of the plate, respectively.
It is important to mention that, in the case of the flexural gravity waves, the BVP (1) the additional boundary conditions at the plate ends should be specified. At the cylinder, these conditions describe the way in which the plate is attached to the cylinder i.e. clamped, free, ... For example, in the case of the plate clamped to the fixed cylinder the conditions of the zero displacement and zero slope apply:
The constant  and the functions ( , )  v z and ( , )  Q r are specified for each particular problem and here below we define them in the context of the second order wave body interaction theory.
Second order theory
The relevant second order theoretical model for monochromatic flexural gravity waves, was presented in [16] and will not be repeated here in details and we just mention few basic principles. We start by assuming that all the quantities of interest (velocity potential, plate deflection, pressure ...) can be developed into a perturbation series with respect to the small parameter  chosen to be the wave steepness:
This series is introduced into the initial fully nonlinear problem and, at the same time, the Taylor series expansion is used in order to express the different quantities at their instantaneous position as a function of their values at rest. After collecting the terms at different order we obtain:
( )
With respect to the body boundary condition and the quantity (, , , )
 v a z in (1) we should distinguish two types of problems namely: the radiation and the diffraction. In the case of the radiation the fluid is at rest and the normal velocity ( , , )  v a z is induced by the prescribed body motion, while in the case of the diffraction the body is fixed and the normal velocity is induced by the incident wave. It is however clear that, in both cases, the resulting BVP is of the same form (1) so that exactly the same method can be used for its resolution.
Solution methodology
As already indicated, the soultion methodology is based on the use of the eigenfunction expansion principles which are employed either directly or through the definition of the corresponding Green's function in a way similar to [13] . In that respect we start by employing the method of separating variables which, for the flow symmetric with respect to x axis ( It can also be shown (e.g. [13] ) that each Fourier mode ( , )  m r z can be further developed into eigenfunction expansion in vertical direction as follows:
where the functions ( ) n f z denote the eigenfunctions in the vertical direction:
The wave numbers  n are roots of the following dispersion equation:
where the notation
was introduced in order to simplify the writing. The dispersion equation has two real roots ( 0 0 , 0
) and four complex roots ( 4
. In the present analysis we follow the procedure from [8] and we restrict ourselves to the roots 2 1 0 , , , , 1,
It is important to mention that the eigenfunctions ( ) n f z are not orthogonal in a classical sense but they obey the following orthogonal relation:
The Green's function corresponding to the BVP (1), with homogeneous condition at 0  z , can be derived following the method presented in [11, 13] . Here we skip the details and we simply present the final expression:
This expression is valid for two arbitrary points ( , , )   r z x and ( , , )
For the sake of clarity, the total potential  is further decomposed in two parts    
In addition it should be noted that both potentials should also satisfy the conditions at the plate ends (3). The potential  B is called body perturbation potential and it represents the generic linear (first order) potential with homogeneous condition at the free surface. The potential  Q is called free surface perturbation potential and it satisfy the nonhomogeneous condition at the free surface together with the homogeeous condition at the cylinder. This potential is relevant for higher order problems [2, 3, 15, 16] .
Potential  B
The solution for the body potential  B will be obtained using two different methods namely: the direct eigenfunctions expansion method and the Boundary Integral Equation method. Both methods are described in details below.
Direct eigenfunctions expansion method
Since the potential  B satisfies the homogeneous condition at the free surface, it can be shown that the following eigenfunction expansion can describe any particular wave system generated by the bottom mounted vertical circular cylinder: It is important to note that the above expression (17) is written in compact form which means, in particular, that for 1  n we have: 
We now apply the body boundary condition (16) to  B and we get: 
By using the orthogonality properties (13) this can be rewritten in the form:
which is the same as:
H we can write the unknown coefficients  mk in the following form:
The values of 
When applying the edge conditions, and whatever the type of these conditions, the system of equations for  m and  m can be deduced in the following form: Solution of this system gives the coefficients  m and  m so that the problem is formally solved.
Boundary Integral Equation method
After applying the Green's theorem to the unknown velocity potential ( )  B x and the Green's function ( ; ) G x ξ , the following Boundary Integral Equation can be written:
where a S denotes the surface of the cylinder  r a , F S denotes the free surface 0  z , and where it was accounted for the fact that the integrals at infinity and at the sea bottom (
For convenience we denote the free surface integral in (28) by F S I and we rewrite it as follows:
Now we use the following identity which is valid for two arbitrary harmonic functions  and  :
where S denotes the closed surface and C its contour(s). This allows rewriting the integral 
After exploiting the orthogonality properties of the Fourier series, we can write for one point inside the cylinder [ 
For the sake of clarity, we rewrite the above equation in compact form:
and we explicit below the different terms: ( )
With this in mind the equation (32) becomes:
Since the above equation should be valid for any r and any z inside the cylinder, the only solution is that the term under the brackets is equal to zero. This leads exactly to the equation (23) which proves that the two solutions are identical.
Potential  Q
Due to the fact that the potential  Q satisfies the non homogeneous condition at the free surface, it is not possible to derive the explicit dependence of the velocity potential in radial direction. However, at each radial distance the eigenfunction expansions in vertical and circumferental directions can be applied. In that respect we can write for the velocity potential at the cylinder surface (  r a ):
The solution for this potential will be obtained using the boundary integral equation method only. In this case, the Green's theorem for a point inside the cylinder, gives:
where F S I is now:
After using the orthogonality of the Fourier series we can write for a point inside the cylinder the following expression: 
Similar to body perturbation potential, we rewrite the above expression in compact form as follows:
where the different terms can be deduced in the following form: 
